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Closing the gaps in quantum space and time: Conformally augmented gauge
structure of gravitation
Charles H.-T. Wang∗ and Daniel P. F. Rodrigues
Department of Physics, University of Aberdeen, King’s College, Aberdeen AB24 3UE, United Kingdom
A new framework of loop quantization that assimilates conformal and scale invariance is con-
structed and is found to be applicable to a large class of physically important theories of gravity and
gravity-matter systems. They include general relativity and scale-invariant scalar-tensor and dilaton
theories. Consequently, matter to be coupled to such theories is restricted to be conformal or scale
invariant. Standard model-type systems naturally fall into this category. The new loop quantization
follows from a novel conformally generalized Holst action principle. In contrast to standard loop
quantum gravity, the resulting quantum geometry is not beset by the Immirzi ambiguity and has
no definitive area gaps within the considered large class of theories of gravitation. As an additional
feature, the scale invariance gives rise to a conserved Weyl current and we discuss briefly its possible
implication on the problem of time in quantum gravity.
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I. INTRODUCTION
One of the most ubiquitous questions in physics is the
scale of a given system and arguably the most fundamen-
tal of such issues is the basic size of the building blocks
of space itself. Loop quantum gravity (LQG) [1–3] is a
promising candidate to unify quantum theory and gen-
eral relativity. En route to this final goal, apart from
certain outstanding technical issues, there are intrigu-
ingly fundamental challenges to LQG, which we address
in this work: (i) the persistent Immirzi ambiguity [4] re-
sponsible for the uncertain microscopic units of quantized
geometric quantities such as areas must be satisfactorily
resolved [2, 5]; (ii) the quantized geometry should at least
support and at best imply the physical forms of matter,
particularly in the standard model (SM) [6–9]; and (iii)
the consequent cosmic evolution should be compatible
with or indeed account for the large scale structures and
scale independent fluctuations of the observed Universe
[10–14].
Ostensibly, these three points have completely differ-
ent guises. But they share a similar geometric attribute
in common, with a strong hint of a universal scaling sym-
metry. While the scale invariance in cosmology and the
near conformal invariance of the SM have been exten-
sively studied [15, 16], there is a lack of general consen-
sus on its analogous role in quantum gravity. The present
formalism of LQG does not have a scale invariance. To
the contrary, it predicts the existence of small but finite
units of geometric measures like areas and their quantum
gaps [17]. Because of the Immirzi ambiguity, it remains
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uncertain what the related scale should be. While not af-
fecting normal macroscopic measures, this is potentially
serious since, if true, loop quantum cosmology would im-
ply the big bang had a passage to a hypothetical previ-
ous universe bearing further observational ramifications
[18, 19]. Furthermore, the effect of fundamental scales
on the early Universe may have profound implications
on quantum gravity phenomenology such as gravitational
decoherence and stochastic gravitational waves [20–22] in
the late Universe.
Here we present a novel generalization of LQG using a
conformal gauge structure. Through a new conformally
augmented analysis, we derive the conformally covariant
form of the extrinsic curvature that enables us to con-
struct the conformally extended Ashtekar-Barbero vari-
ables [23, 24]. A conformal Immirzi parameter naturally
arises in this construction with a value related to the
choice of conformal frames. A key feature is the exis-
tence of the conformal constraint acting as the canoni-
cal generator of conformal transformations that shift the
value of the conformal Immirzi parameter. The presented
theoretical framework is amenable to loop quantization.
In particular, the implementation of the conformal con-
straint using schemes developed in Refs. [25, 26] may lead
to the unitary equivalence of loop representations with
different values of the conformal Immirzi parameter.
We start our analysis in the coordinate-independent
manner using the lagrange of modern differential forms
and exterior algebra. When passing over to the canoni-
cal analysis, a (3 + 1)-decomposition of spacetime coor-
dinates is introduced in a time gauge. The main focus
of this work is a new conformally augmented dynamical
structure which is amenable to generic loop quantization
techniques. Accordingly, our discussion on quantization
will be restricted to key steps. Nonetheless, we show how
2our new approach may significantly alters implications
from the modified LQG.
We use fairly standard geometric notation summarized
here for clarity. In units where κ (= 8πG/c4) = c = 1,
we consider the tetrad 1-forms eI = eα
Idxα with I =
0, 1, 2, 3 and its dual tangent vectors e˜I = e
α
I∂α with
contraction eI(e˜J) = δ
I
J and ǫ = det(eα
I). Here space-
time coordinates are (xα) = (t, xa) with α = 0, 1, 2, 3
and a = 1, 2, 3. The Levi-Civita (LC) antisymmetric
symbols are denoted by ǫIJKL with ǫijk = ǫ0ijk for
i, j, k = 1, 2, 3 and ǫ0123 = ǫ123 = 1. The spacetime
metric tensor is g = ηIJ e
I ⊗ eJ using the Minkowski
metric ηIJ = diag(−1, 1, 1, 1) with gµν = eµIeνI and
g = det(gµν) = −ǫ2. The metric compatible connec-
tion 1-forms AIJ independent of the tetrad are used to
define the covariant exterior derivative D. In particu-
lar, the torsion 2-forms of AIJ are given by T
I = D eI =
deI+AIJ∧eJ using the exterior product ∧ and derivative
d, satisfying the first Bianchi identity DT I = F IJ ∧ eJ
where FIJ = dAIJ + AIK ∧ AKJ are the curvature 2-
forms of AIJ [27]. The coordinate components of AIJ
and FIJ are denoted by AαIJ and FαβIJ and similarly
for other quantities.
II. CONFORMAL HOLST ACTION FOR
GENERAL RELATIVITY
Let us begin with the simultaneous conformal gauge
changes of tetrad and connection 1-forms
eI = φ eI , AIJ = AIJ + φIJ (1)
for any positive scalar field φ regarded as the primary
conformal factor. Likewise, any conformally transformed
quantity induced by the above will be denoted with an
overline. Here the 1-forms φIJ = −2 d(lnφ)(e˜[I) eJ] are
uniquely determined to guarantee the conformal gauge
covariance D eI = φD eI .
To explore the effect of relative conformal changes, i.e.
the “relativity of conformal frames”, we will also consider
similar conformal changes of any quantity with respect to
another (secondary) conformal scalar field θ, denoted by
an underline, with analogous θIJ . This enables us to con-
struct a conformally extended Holst action S[A, e, φ, θ] as
S =
1
2
∫ [
FIJ ∧ ⋆(eI ∧ eJ)− FIJ ∧ eI ∧ eJ
]
(2)
consisting of the first Palatini and second Holst terms
[28], nontrivially transformed with the primary and sec-
ondary conformal factors φ and θ respectively.
The action (2) has recently been conjectured to yield
conformally extended Ashtekar-Barbero connection vari-
ables free of the longstanding Immirzi ambiguity [29]. To
proceed, we first derive the covariant field equations by
varying the action (2) with compact support, which turn
out to be equivalent to Einstein’s equations for general
relativity (GR). We will then demonstrate that such con-
formal Ashtekar-Barbero variables indeed arise from the
conformally extended canonical analysis.
Denoting the variation with respect to ⊔ by δ⊔, we find
the variations of the two terms in Eq. (2) with respect to
the connection AIJ yields
δAS =
1
2
δAIJ ∧
[
φ2D ⋆ (eI ∧ eJ)− θ2D(eI ∧ eJ)]
where ⋆ is the Hodge dual. Consequently, the connection
is torsion-free, given by the LC connection ΓIJ , i.e.
D eI = 0 ⇐⇒ AIJ = ΓIJ . (3)
Next, the φ-variation yields
δφS =
δφ
φ
FIJ∧⋆(eI∧ eJ) + δφφIJ
2
∧D⋆ (eI∧ eJ).
Thus, by using Eq. (3), the second term of the above
vanishes and so the first term must vanish as part of
the field equations, which is equivalent to the vanishing
of the scalar curvature R. This relation is also fulfilled
if gµν satisfies the vacuum Einstein equation, as will be
established below. The θ-variation follows as
δθS = −δθ
θ
FIJ∧ (eI∧ eJ)− δθ θIJ
2
∧D(eI∧ eJ).
Again, the second term of the above vanishes by using
Eq. (3) and so the first term must vanish as part of the
field equations, i.e. FIJ ∧ (eI ∧ eJ) = 0 which is also
satisfied as a result from the first Bianchi identity with
zero torsion.
Last but not least, the variation of the action (2) with
respect to the tetrad yields
δeS =
δeI
2
∧ [φ GI − 2 θ eJ ∧ F IJ]
where the second term also vanishes on account of the
first Bianchi identity with zero torsion whereas in the first
term GI are the Einstein 3-forms [27], carrying the same
information as the Einstein tensor. This yields the main
resulting variational field equation as the Einstein equa-
tion for the physical metric gµν , supplemented with the
LC spacetime connection and the arbitrary Lagrangian
multiplierlike conformal scalar fields φ and θ.
III. CANONICAL ANALYSIS OF THE
CONFORMAL HOLST ACTION
To derive the promised conformal Ashtekar-Barbero
connection variables, we now carry out the canonical
analysis of the action (2). (Details can be consulted in
3Supplementary Material Sec. I [30]) For this purpose, as
with the canonical analysis of the standard Holst action
[28], we adopt a (3+1) coordinate decomposition known
as the “time gauge,” in which the tetrad is related to
the lapse function N , shift vector Na, and triad ea
i by
eα
0 = N δtα and et
i = Naea
i with e = det(ea
i) = ǫ/N .
As a result, e˜0 is a unit vector normal to the equal-t hy-
persurface Σ and unit vectors e˜i are perpendicular to e˜0,
spanning the tangent space to the spatial hypersurface
with metric hab = ea
ieb
i and h = det(hab) = e
2. The
densitized triad is then Eai = e e
a
i with E = det(E
a
i ) =
h.
A close analogy with the Immirzi parameter in stan-
dard LQG is obtained, without the loss of generality, by
performing a conformal transformation so that of the sec-
ondary conformal factor is fixed to be θ = 1/
√
β for some
positive constant β. However, as will become clear below,
its value can still be related to the choice of conformal
frames with respect to the primary conformal factor φ,
and so we will refer to β as the conformal Immirzi pa-
rameter. Then, the Lagrangian density of the action (2)
becomes
L = πφ φ˙+ β
−1Eai A˙
i
a + E
a
i Gia
−NaEbi Habi0 +
N
2
√
E
Eai E
b
j Habij (4)
where
πφ = −2φEai Aai0,
Aia = βφ
2Aai0 − 1
2
ǫijkAajk,
Gia =
ǫijk
2β
(
Atjk,a + 2AtjmAakm − 2Atj0Aak0
)
+φ2
(
2A[t
imAa]m0 −Ati 0,a
)
,
Hab IJ = φ2F ab IJ + 1
2β
ǫIJ
KLFabKL,
with ⊔˙ = ∂t⊔ and ⊔,a = ∂a⊔. As φ˙ and A˙ia are the only
time derivatives in Eq. (4), they form canonical variables
through a symplectic structure with πφ and E
ai/β as the
respective canonical momenta.
Since our aim is to construct a conformally extended
Hamiltonian formulation of gravitation with first class
constraints as symmetry generators, any second class
constraints should be eliminated using variational field
equations not of the canonical type. From the canoni-
cal analysis of the standard Holst action [28], it is clear
that such second class constraints will also arise from
the torsion-free condition in our generalized formulation.
Therefore, we eliminate such second class constraints
from Gia and Hab IJ using Eq. (3) already derived as
part of the variational field equations. After working
through the remaining rather involved algebra, we arrive
at first class constraints of anticipated forms which are
in full agreement with their independent derivations via
a conformally extended Arnowitt-Deser-Misner (ADM)
formulism. (Contained in Supplementary Material Sec. II
[30]) The resulting constructions allow concrete connec-
tions with established loop quantization techniques with
considerably new and interesting conformal and scaling
features.
In applying Eq. (3), one notices that the LC con-
nection ΓIJ encodes the spin connection 1-forms Γ
i
a =
−ǫijkΓajk/2 and extrinsic curvature 1-forms Kai = Γai0.
As a result, Aia introduced above becomes the conformal
spin connection variable
Aia = Γ
i
a + βC
i
a (5)
which is the sought after conformal Ashtekar-Barbero
connection variable, in terms of the conformal extrinsic
curvature 1-forms
Cia = φ
2(Kia + φai0) (6)
with the associated curvature 2-forms F iab = 2 ∂[aA
i
b] +
ǫijkA
j
aA
k
b . The scalar momentum then becomes
πφ = −6
√
E
N
(φ˙−Naφ,a) + 2
√
E φK (7)
whereK = −Kiaeai, is the trace of the extrinsic curvature
tensor.
A conformal redundancy among Cia and πφ gives rise
to a new conformal constraint
C = φπφ + 2CiaEai (8)
which is required to vanish weakly. It is in fact the canon-
ical generator of the conformal frame transformations
φ→ Ω−1φ, πφ → Ωπφ, Eai → Ω2Eai , (9a)
Aia → Aia + β(Ω−2 − 1)Cia −
1
4
ǫijkE
j
aE
b
k (ln Ω),b (9b)
for any positive function Ω(x).
The transformation relation for Aia above originates
from the conformal transformation of the LC spin con-
nection Γia → Γia + [last term in Eq. (9b)] and the con-
formally covariant change of the conformal extrinsic cur-
vature Cia → Ω−2Cia under Eq. (9a), a crucial property
ensuring the overall conformal covariance of our new for-
malism not shared by the standard extrinsic curvature
Kia.
After some calculations, the expressions involving Gia,
Hab i0, and Hab ij in Eq. (4) along with the zero-torsion
condition Eq. (3) significantly simplify to further con-
straints as below. First, the term Eai Gia, up to a total
4divergence, becomes −MiGi, where Mi are certain func-
tions of the nondynamical Γtjk and Γti0, hence acting as
a Lagrangian multiplier. Here,
Gi = DaEai /β (10)
takes the standard form of the Gauss constraint, as the
canonical generator of the spin gauge transformations,
now using the spin covariant derivative Da with respect
to the conformal spin connection Aa
i given by Eq. (5).
Up to adding a quantity proportional to the Gauss
constraint Gi, the term EbiHab i0 reduces to
Ha = F iabEbi /β + φ,aπφ (11)
of the standard form of diffeomorphism constraint as the
canonical generator of the spatial diffeomorphisms. Note
also, F iab above uses the conformal spin connection (5)
and φ is the conformal scalar field.
The remaining term −1/(2
√
E )Eai E
b
j Hab ij in Eq. (4)
simplifies, up to adding a quantity proportional to the
covariant derivative of the Gauss constraint ∇aGi, to be
H = φ2HE − 1√
E φ2
(
1 + β2φ4
)
Ci[aC
j
b]E
a
i E
b
j
+
√
E
(
2φ∆φ− φ,aφ,a
)
(12)
where ∆ is the Laplace-Beltrami operator of hab, which
is our new Hamiltonian constraint. Apart from its subex-
pression
HE = 1
2
√
E
ǫijkF
k
ab E
a
i E
b
j (13)
of the standard form of the Euclidean Hamiltonian con-
straint, it is modified from the standard Hamiltonian con-
straint with additional presence of the conformal scalar
field φ and the replacement of the extrinsic curvature by
conformal extrinsic curvature Kia → Cia, as well as F iab
using the conformal spin connection (5).
Using Eqs. (10), (11), and (12), we obtain from Eq. (4)
the totally constrained Hamiltonian density
H = MiGi +NaHa +NH. (14)
Given their structures, it is clear from previous related
studies that constraints C,Gi,Ha and H are first class
[29, 31–33].
As inherited from the conformally extended Holst ac-
tion (2), physical observables are quantities invariant un-
der, in addition to rotations and diffeomorphisms, con-
formal transformations Eqs. (9). An important example
is the conformally invariant triad E
a
i = φ
2Eai which plays
the role of the physical triad and gives rise to physically
measurable geometric quantities. Specifically, the physi-
cal area operator on a surface in Σ is given by [17]
AS =
∫
S
|E| =
∫
S
φ2|E| (15)
where |E| (|E|) is the norm of the 2-form as the pullback
of E
a
i (E
a
i ) to Σ. Upon quantization, any discrete spec-
trum from |E| can be blurred by the dense eigenvalues
of φ, resulting in the absence of definitive area gaps in
either standard loop quantization [17] or other schemes,
e.g. the Fock representation of null surface area spectrum
recently studied in Ref. [34].
This stark contrast also begs the question on the Im-
mirzi parameter, which controls the size of e.g. the area
gaps in standard LQG. What is the physical effect of our
conformal Immirzi parameter β if there are no definitive
area gaps? It turns out that there is no preferred value
of β for the new theory in as much as no privileged con-
formal frames.
Indeed, the parameter β that appears in all the con-
straints and multipliers contained in the Hamiltonian
density (14) can be completely transformed away, leading
simply to
H
Ω=
√
β−−−−→ H |β=1 (16)
using the “normalized” conformal Ashtekar-Barbero vari-
able Aia = Γ
i
a + C
i
a.
IV. CONFORMAL LOOP QUANTIZATION
While our connection degrees of freedom are amenable
to loop quantization, since we aim to preserve the confor-
mal invariance at he quantum level, it is natural to quan-
tize φ in the field representation. Following Ref. [29], we
consider the kinematic Hilbert space
Hkin = HSF ⊗HSN (17)
as a product of that for scalar fields (SF) and spin net-
works (SN), like LQG coupled to a scalar field in Ref. [26].
The quantum states are therefore expressed as superpo-
sitions of
Ψ[φ,A] = Ψ[φ]⊗ ψ(he1 [A], . . . , hen [A]) (18)
using the cylindrical functions of Aia, with holonomies
he1 [A], . . . , hen [A] over edges e1, . . . , en. In particular,
the implementation of Eqs. (9) as quantum canonical
transformation amounts to the loop quantization of the
conformal constraint (8). After mapping Kia → Cia the
definitions of our connection variables (5) and the Eu-
clidean Hamiltonian constraint (13) are identical to stan-
dard definitions, and so the nontrivial quantization of the
mean extrinsic curvature term in Eq. (8) follows from
Ref. [25] as
CiaE
a
i (x) =
1
i~
[HE(x), VΣ] (19)
5where VΣ is the volume operator on the spatial slice Σ
with respect to Eai . Since the resulting loop quantization
is independent of β, we can put β = 1. Together with
all quantized constraints, the physical state Ψ is there-
fore described by the solutions of the quantum constraint
equations (H, Ha,Gi)Ψ = 0 analogous to standard LQG,
augmented with the new quantum conformal constraint
equation
CΨ = 0 (20)
which is to be implemented through e.g. conformal group
averaging along with diffeomorphisms to form conformor-
phism invariant states [32].
If the constraint (20) is to be preserved when matter
coupling is also included, then matter must be confor-
mally invariant too. One possibility is to consider con-
formally invariant scalar-tensor (ST) theory of gravity
[35, 36] which is equivalent to GR at least classically.
From a minimal coupling point of view, if we assume
that the metric coupling with matter is independent of
the scalar field φ, then conformal invariance can still hold
for the general covariant SM with a conformally coupled
Higgs field, following the principle of conformal invari-
ance [37].
V. SCALE-INVARIANT
GRAVITY-SCALAR-MATTER SYSTEM
If one does not insist on the full conformal invariance,
then Eq. (16) can still be achieved as a scale-invariant
system with physical states Ψ satisfying the global con-
formal constraint, i.e. scaling constraint∫
C d3x Ψ = 0 (21)
instead of the local constraint (20).
Indeed, motivated by the fact that only scale invari-
ance, not the full conformal invariance, is required to
achieve an Immirzi parameter-free description, let us now
consider the following scale-invariant Lagrangian density
L = LG[gµν , φ] +LS[gµν , φ,Aµ]
+LM[gµν , φ,Aµ, ψ] (22)
for a coupled system with gravity (G), scalar (S), and
matter (M), based on a naturally generalized SM ap-
proach with scale invariance.
Given the equivalence between the first order Holst for-
malism and second order ADM-type formulism demon-
strated above, let us proceed with the ADM-type canon-
ical analysis below. (Technical details are available in
Supplementary Material Sec. III [30]). In the Lagrangian
density (22) above, we consider
LG =
1
2
Φ2
√−g R (23)
where R is the scalar curvature of gµν and Φ
2 =∑
A φAφ
A/6kA. Here kA are scalar-gravity coupling con-
stants, with kA = 1 for any conformally coupled φ
A. Part
of the index range for A may be the Haar measure indices
associated with a gauge group G. In Eq. (22), the term
LS = −
√−g
[1
2
DµφADµφA + V (φ)
]
(24)
is the scalar Lagrangian density, where V (φ) is a ho-
mogeneously fourth order potential in φA [37] that may
account for both mass and potential of the Higgs scalar,
and Dµ is the covariant derivative using the sum of the
LC connection and gauge connection Aµ.
The matter Lagrangian density in Eq. (22) is
LM = ℜ
√−g ψ†iγ0[γIeµIDµ + µ(φ)]ψ
−1
4
√−gFAµνFµνA (25)
which uses the curvature Fµν of Aµ, the constant Dirac
matrices γI satisfying the Clifford algebra γ(IγJ) = ηIJ
with the Hermiticity condition γI† = γ0γIγ0, and a
Yukawa coupling matrix µ(φ) homogeneous linearly in
φA [37].
Lagrangian density (22) has the property of being in-
variant under the following scale transformations:
gµν → Ω2gµν , φ→ Ω−1φ,
Aµ → Aµ, ψ → Ω−3/2ψ,
(26)
for any positive constant Ω, as a result of LG, LS, and
LM being similarly invariant.
The scaling symmetry implies the existence of a con-
served Noether current [38], which can be identified from
the boundary terms of the on-shell variations of the
Lagrangian density (22) under a scaling transformation
with Ω = 1+ ε in Eq. (26) for an infinitesimal ε, denoted
by δε⊔. To this end, first it can be obtained from Eq. (23)
that
δεLG =
1
2
√−g∇µ
(
Φ2gαβδεΓ
µ
αβ − Φ2gµβδεΓααβ
)
= 0
where ∇µ is the LC covariant derivative using gµν , on ac-
count of the invariance of the LC connection under scal-
ing transformations, and hence δεΓ
µ
αβ = 0. A nontrivial
contribution is derived from Eq. (24) as follows
δεLS =
ǫ
2
√−g∇µ∂µφ2
6where φ2 = φAφ
A, since δεφ = −εφ. There are no further
relevant boundary terms resulting from varying gauge
connections since they are invariant under the scale trans-
formations, i.e. δεAµ = 0. By varying the Lagrangian
density (25), one finds that the scale transformations of
spinors under Eq. (26) do not contribute to any boundary
term either, as δεLM = 0. It therefore follows from the
above discussions, that the on-shell variational relation
δǫL = 0 gives rise to the conserved Weyl current ∂µφ
2.
See also related discussion in Ref. [15].
To focus on the gravitational structure with multiple
scalar fields, in the following we suppress the gauge field
Aµ, spinor ψ, and the scalar potential V (φ), so that
DµφA = ∂µφA and L = LG + LS. The off-shell varia-
tions of L yields the canonical momentum for the metric
pab = −
√
h
N
habΦ(Φ˙−N cΦ,c)
−Φ
2
√
h
2
(Kab − habK) (27)
and the canonical momentum for the scalars
πA = −
√
h
N
[
φ˙A −NaφA,a
]
+
√
h
3κA
KφA. (28)
The conformal extrinsic curvature (6) and the confor-
mal constraint (8) are generalized to be Cia = φ
2(Kia +
Φai0) and C = φAπA+2CiaEai respectively, where Φai0 =
φai0|φ→Φ with the conformal Ashtekar-Barbero variable
Aia taking the same form as Eq. (5). Other constraints
also follow analogously. For example, the Hamiltonian
constraint for a set of nonconformal scalar fields φA, with
a common kA = k 6= 1, for all A is found to be
H = Φ2HE − 1√
E Φ2
(
1 + β2Φ4
)
Ci[aC
j
b]E
a
i E
b
j
+
√
E∆Φ2 −
√
E
2
φA,aφ
A,a − 1
12k(k − 1)Φ2
√
E
×
[
k C2 − φAπBπAφB + φAφBπAπB
]
(29)
which has a generalized but similar structure as
the Hamiltonian constraint (12) and therefore is also
amenable to the scalar-loop quantization described
above.
The corresponding scale-invariant physical triad is
given by E
a
i = Φ
2Eai giving rise to physically measur-
able geometric quantities such as the area operator
AS =
∫
S
|E| =
∫
S
Φ2|E| (30)
analogous to Eq. (15). For a single scalar field, Hamilto-
nian constraint (29) recovers the Hamiltonian constraint
in Ref. [29]. The corresponding Hamiltonian density also
takes the form of Eq. (14), which under a scaling trans-
formation of the form of Eq. (9) with Ω =
√
β also sets
β = 1 as in Eq. (16) as alluded to above.
VI. CONCLUSION AND DISCUSSION
In this paper, we have addressed a number of long-
standing issues of significance in LQG related to the
uniqueness of loop variables, discreteness of quantum ge-
ometry, and to a smaller extent, possible emergence of
time, based on an important principle—conformal invari-
ance.
In Sec. II, we have derived conformally extended
Ashtekar-Barbero variables leading to the new loop vari-
ables of gravity that are free from the Immirzi ambiguity
by effectively absorbing an otherwise one-parameter fam-
ily of variables into a conformal class. Although variables
of the same form have previously appeared in Ref. [29],
where they were derived in a specific ST theory exclud-
ing GR and matter coupling, here we have demonstrated
the conformal Ashtekar-Barbero variables further arise
from a large general class of gravity theories covering
GR, ST, dilatonic gravity. In addition, we show that our
formalism is preserved for matter coupling with SM-type
theories. This is due to their crucial conformal or scale
invariance. In so doing, we have addressed an often raised
question on whether LQG restricts matter coupling and
have suggested the naturalness, if not uniqueness, of the
SM-type matter that can be coupled to quantum grav-
ity. Furthermore, instead of the more limited canonical
formalism adopted in Ref. [29], the new conformal Holst
principle in this work paves the way for a more covari-
ant spinform models of the new conformal LQG to be
developed.
Since our conformal Immirzi parameter β can be ar-
bitrarily set to unity, from Eq. (12) and more generally
Eq. (29), it is readily seen that in the case of constant
scalar fields, Φ2 acts like the conventional Immirzi pa-
rameter γ. Indeed, the area operator (30) assumes the
standard LQG form with the linear dependence on the
Immirzi parameter for Φ2 → γ. How can we, then, rec-
oncile with the apparent value γ = γ0 ≃ 0.274 fixed from
black hole entropies [39]? One possibility to be investi-
gated would be that, in a suitable conformal frame (at
the kinematic level before conformorphism group averag-
ing), Φ2 = γ0 might turn out to be thermodynamically
favorable on the black hole horizon. However, such an ef-
fective Immirzi parameter Φ2 may dynamically vary e.g.
in the early Universe [40].
Our parameterless formalism can also be understood,
in the terminology of BF gravity [41], as the equivalence
between the starting gravitational action (2) and the fol-
lowing deformed BF action
S = −1
2
∫ [
BIJ ∧ FIJ − ⋆BIJ ∧ FIJ
]
7with 2-forms BIJ = eI ∧ eJ and without coupling con-
stants. This is achieved by, without loss of generality,
setting the secondary conformal factor θ = 1/
√
β = 1 as
explained in Sec. III. The overline in the above action de-
notes a conformal transform with respect to Φ in general
as described in Sec. V.
In the case of scale-invariant dilaton systems in Sec. V,
our new framework is relevant for the quantum gravi-
tational temporal evolution of the early Universe [42],
particularly in relation to the conserved Weyl current
giving rise to a natural cosmological time [15, 16]. In
this respect, a lack of definitive area gaps might lead to
a radically different conclusion to the (non)existence of
the big bang or big bounce from standard loop quantum
cosmology (LQC). The Weyl current ∂µΦ
2 suggests Φ2
may be a “fuzzy” harmonic time for the ultimate physical
wave functional Ψ[ψ,Aa, Aai, φˆA ; Φ2] in terms of the nor-
malized scalar fields φˆA = φA/
√
Φ2 . Although here we
have separated out Φ2, it need not be a deparametrized
functional time [43–46]. Instead, we could start with
a timeless Wheeler-DeWitt type equation and only re-
cover Φ2 as an emergent time in the quantum regime as
in LQC models [19] or in the (semi)classical limit as in
Refs. [15, 16]. Further research is required to address the
above open questions and we hope to report on related
progress in future work.
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This Supplementary Material contains some detailed mathematical constructions and derivations of
the theoretical results presented in the Main Text. It is organized into the following three sections:
§1 Conformally extended Holst action principle for general relativity.
§2 Generalized ADM formalism with conformal Ashtekar-Barbero variables.
§3 Conformally augmented gauge theory of scale-invariant dilaton gravitation.
1 Conformally extended Holst action principle for general relativity
1.1 Conformal changes of the metric and connection
Consider a 4-dimensional Lorentzian manifold with a (covariant) metric tensor
g = ηIJe
I ⊗ eJ (1.1)
using the orthonormal co-frame {eI}, I = 0, 1, 2, 3, with the Minkowski components
ηIJ = diag(−1, 1, 1, 1). (1.2)
The corresponding contravariant metric is given by
g˜ = ηIJ e˜I ⊗ e˜J (1.3)
using the orthonormal frame {e˜I} so that they contract to the Kronecker delta
eI(e˜J) = δ
I
J . (1.4)
Consider the general antisymmetric connection 1-forms AIJ . Its curvature 2-forms FIJ are given by
FIJ = dAIJ +AIK ∧AKJ . (1.5)
Using the covariant exterior derivative D associated with AIJ , the related torsion 2-forms are given by
T I = DeI = deI +AIJ ∧ eJ (1.6)
∗c.wang@abdn.ac.uk
1
satisfying the first Bianchi identity
DT I = dT I +AIJ ∧ T J = F IJ ∧ eJ . (1.7)
Substituting (1.5) into (1.7), we obtain the relation
DTI = FI J ∧ eJ = dAIJ ∧ eJ +AIK ∧AKJ ∧ eJ . (1.8)
It follows that D ηIJ = 0 and so the antisymmetric AIJ is metric compatible.
The Levi-Civita (LC) connection 1-forms ΓIJ are given in terms of the tetrad by
ΓIJ =
1
2
(eK iI iJdeK + iJdeI − iIdeJ) (1.9)
(see e.g. [1]) where iI := ie˜I and tetrad indices I, J, · · · are raised or lowered using ηIJ and ηIJ . We will also use
the shorthand f,I = iIdf with f
,I = iIdf = ηIJ iJdf for any scalar function f .
It is well-known that the LC connection is the unique metric compatible and torsion free connection, satisfying in
particular
D eI = 0 (1.10)
using the covariant exterior derivative associated with AIJ = ΓIJ . Consequently, Eqs. (1.5) and (1.8) yield the
following two relations
deI + ΓIJ ∧ eJ = 0 (1.11)
dΓIJ ∧ eJ + ΓIK ∧ ΓKJ ∧ eJ = 0. (1.12)
Under a conformal transformation using a positive scalar function φ, denoted with an over-bar,
g = φ2g (1.13a)
g˜ = φ−2g˜ (1.13b)
the covariant (1.1) and contravariant (1.3) metric become
g = ηIJ e
I ⊗ eJ (1.14a)
g˜ = ηIJ e˜I ⊗ e˜J (1.14b)
in terms of the corresponding conformally transformed tetrad as follows:
eI = φ eI (1.15a)
e˜I = φ
−1e˜I . (1.15b)
The induced conformal transformation of the LC connection ΓIJ follows from (1.9) with e
I → eI using (1.15a) to
be
ΓIJ = ΓIJ + φIJ (1.16)
where we have introduced
φIJ = φ
−1(eI iJdφ− eJ iIdφ)
= −2φ−1φ,[IeJ ]. (1.17)
2
Applying the conformal transformation to (1.10), we see that ΓIJ is also torsion free and hence
0 = D eI
=: deI + Γ
I
J ∧ eJ
= φD eI + dφ ∧ deI + φφIJ ∧ eJ . (1.18)
The first term above vanishes using (1.11). Because φ > 0, the 2nd term above then yields the identity
dφ ∧ deI + φφIJ ∧ eJ = 0. (1.19)
Using (1.19) and denoting by AIJ the conformally transformed connection 1-forms AIJ with the associated co-
variant exterior derivative D, we see that the following conformally covariant relation
D eI = φDeI (1.20)
is satisfied if AIJ is given by
AIJ = AIJ + φIJ . (1.21)
This relation will therefore be taken as the conformal transformation of AIJ . In particular, if the torsion of AIJ
vanishes, the above reduces to (1.17).
Instead of φ, we can use a different function φ→ θ with (· · · )→ (· · · ) and (1.17) becoming
θIJ = θ
−1(eI iJdθ − eJ iIdθ)
= θ−1(θ,JeI − θ,IeJ )
= θ−1(dθ(e˜J)eI − dθ(e˜I)eJ ). (1.22)
1.2 Conformal changes of the curvature forms
The curvature 2-forms (1.5) then transform as follows
F IJ = dAIJ +AIK ∧AKJ
= FIJ +DφIJ + φIK ∧ φKJ . (1.23)
Likewise, we have
F IJ = dAIJ +AIK ∧AKJ
= FIJ +DθIJ + θIK ∧ θKJ . (1.24)
The second and last terms of (1.23) can be evaluated to yield
DφIJ =
[
d(φ−1)φ,J + φ
−1Dφ,J
] ∧ eI − (I ↔ J)
=
1
2
φ−2
[
φ,Jφ,LηIK − φ,Jφ,KηIL + φ,Iφ,KηJL − φ,Iφ,LηJK
]
eK ∧ eL
+
1
2
φ−1
[
φ;JKηIL − φ;JLηIK + φ;ILηJK − φ;IKηJL
]
eK ∧ eL
and
φIK ∧ φKJ = φ−2
[
(iJdφ)(i
Mdφ)ηIKηde + (iIdφ)(i
Mdφ)ηecηJL − (iMdφ)(iMdφ)ηIKηJL
]
eK ∧ eL.
3
Therefore the conformal transformation of the curvature 2-forms (1.23) becomes
F IJ = FIJ +
1
2
φ−1[φ;JKηIL − φ;JLηIK + φ;ILηJK − φ;IKηJL] eK ∧ eL
+
1
2
φ−2[φ,Mφ
,MηILηJK − φ,Mφ,MηIKηJL] eK ∧ eL
+φ−2[φ,Jφ,LηIK − φ,Jφ,KηIL + φ,Iφ,KηJL − φ,Iφ,LηJK ] eK ∧ eL. (1.25)
Using (1.23) we have
FIJ ∧ ⋆(eI ∧ eJ) = φ2FIJ ∧ ⋆(eI ∧ eJ) + φ2DφIJ ∧ ⋆(eI ∧ eJ ) + φ2φIK ∧ φKJ ∧ ⋆(eI ∧ eJ). (1.26)
Using (1.15a), (1.17), and (1.21), we can calculate that
D ⋆ (eI ∧ eJ ) = φ2D ⋆ (eI ∧ eJ) + 2φφ,KeK ∧ ⋆(eI ∧ eJ)
−φφ,KeI ∧ ⋆(eJ ∧ eK) + 3φφ,I ⋆ eJ − φφ,KeJ ∧ ⋆(eK ∧ eI)− 3φφ,J ⋆ eI
= φ2D ⋆ (eI ∧ eJ) (1.27a)
D(eI ∧ eJ ) = φ2D(eI ∧ eJ) + 2φφ,KeK ∧ eI ∧ eJ
−φφ,KeI ∧ eJ ∧ eK − φφ,KeJ ∧ eK ∧ eI
= φ2D(eI ∧ eJ). (1.27b)
Relations (1.27) also follow more directly from (1.20).
1.3 Variational relations
In what follows, we denote the variation with respect to the scalar functions φ and θ, tetrad eI , and connection
AIJ by δφ, δθ, δe, and δA respectively.
Varying (1.4) yields
ω(δe˜J ) = −δeI(e˜J )ωI (1.28)
for any 1-form ω.
Using (1.17) and (1.28), we obtain the following variation with respect to e
δeφIJ = 2φ
−1(dφ)[JδeI] − 2φ−1(dφ)K(δeK)[JeI]. (1.29)
Eq. (1.5) gives the variation
δFIJ = dδAIJ −AKI ∧ δAKJ −AKJ ∧ δAIK
= DδAIJ (1.30)
From (1.21) we see that
δAIJ = δAIJ + δφIJ . (1.31)
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Similar to (1.30), from (1.31) and (1.21) we obtain the variation
δF IJ = dδAIJ + δAIK ∧ AKJ − δAJK ∧AKI
+dδφIJ + δφIK ∧ AKJ − δφJK ∧AKI (1.32)
Eq. (1.17) yields the following variation with respect to φ
δφφIJ = −δφφ−1φIJ + φ−1(eI iJdδφ− eJ iIdδφ). (1.33)
We have the relation
δ ⋆(eI ∧ eJ) = 2δφφ ⋆ (eI ∧ eJ) + φ2δ ⋆ (eI ∧ eJ) (1.34)
where
δ ⋆ (eI ∧ eJ ) = δeK ∧ ⋆(eI ∧ eJ ∧ eK). (1.35)
Using (1.15a) and (1.23) with φ→ θ we have
FIJ ∧ (eI ∧ eJ) = θ2FIJ ∧ (eI ∧ eJ) + θ2DθIJ ∧ (eI ∧ eJ) + θ2θIK ∧ θKJ ∧ (eI ∧ eJ ). (1.36)
1.4 Conformally extended Holst action
Let us consider the action
S =
1
2
∫ [
FIJ ∧ ⋆(eI ∧ eJ )− FIJ ∧ eI ∧ eJ
]
. (1.37)
The first contribution in (1.37) is a conformally transformed Hilbert-Palatini (HP) term with g → g = φ2g
whereas the second contribution in (1.37) is a conformally transformed Holst term with g → g = θ2g. Note that
an Immirzi-like constant coefficient of the Holst term here can be absorbed into the function θ.
1.5 Variations with respect to the connection AIJ
To proceed, we do the A-variations first, which will result in the torsion free condition as follows.
From (1.32) we have the variation with respect to AIJ as follows
δA[FIJ ∧ ⋆(eI ∧ eJ)] = (dδAIJ + δAIK ∧ AKJ − δAJK ∧AKI) ∧ ⋆(eI ∧ eJ)
∂
= δAIJ ∧D ⋆ (eI ∧ eJ) (1.38)
where “
∂
=” signifies an equality modulo a total divergence.
Substituting (1.27a) into (1.38) we see that
δA[FIJ ∧ ⋆(eI ∧ eJ)] ∂= δAIJ ∧ φ2D ⋆ (eI ∧ eJ ). (1.39)
Consider the following variation with respect to AIJ .
δA[FIJ ∧ (eI ∧ eJ)] = (dδAIJ + δAIK ∧AKJ − δAJK ∧AKI) ∧ (eI ∧ eJ)
∂
= δAIJ ∧D(eI ∧ eJ). (1.40)
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Substituting (1.27b) into (1.40) we see that
δA[FIJ ∧ (eI ∧ eJ)] ∂= δAIJ ∧ θ2D(eI ∧ eJ). (1.41)
From (1.39) and (1.41) we see that the A-variational equation of the action (1.37) i.e.
δA[FIJ ∧ ⋆(eI ∧ eJ ) + FIJ ∧ (eI ∧ eJ)] = 0 (1.42a)
for any functions φ and θ yields
D ⋆ (eI ∧ eJ) = 0 (1.42b)
D(eI ∧ eJ) = 0 (1.42c)
which are equivalent to the torsion-free condition (1.10), requiring the connection AIJ to be LC.
1.6 Variations with respect to the scalars φ and θ
From (1.32) and (1.33) we have the variation with respect to φ as follows
δφ[FIJ ∧ ⋆(eI ∧ eJ)] = (dδφφIJ + δφφIK ∧AKJ − δφφJK ∧AKI) ∧ ⋆(eI ∧ eJ)
+2δφφF IJ ∧ ⋆(eI ∧ eJ)
∂
= δφφIJ ∧D ⋆ (eI ∧ eJ) + 2δφφ−1F IJ ∧ ⋆(eI ∧ eJ). (1.43)
Using (1.10) and (1.43) implied from the above AIJ variations, the φ-variation equation
δφ[FIJ ∧ ⋆(eI ∧ eJ)] = 0 (1.44)
then yields
FIJ ∧ ⋆(eI ∧ eJ) = 0 (1.45)
which is equivalent to R = 0 and is satisfied if g satisfies the vacuum Einstein equation, as will be established in
(1.54) below.
From (1.15a), (1.32), (1.33), (1.36) we have the variation with respect to θ as follows
δθ[F IJ ∧ (eI ∧ eJ)] = (dδθθIJ + δθθIK ∧AKJ − δθθJK ∧AKI) ∧ (eI ∧ eJ)
+δ(θ2)F IJ ∧ (eI ∧ eJ)
∂
= δθθIJ ∧D(eI ∧ eJ) + 2δθ θ−1F IJ ∧ (eI ∧ eJ ). (1.46)
Using (1.42c) and (1.46) implied from the above AIJ variations, the θ-variation equation
δθ[F IJ ∧ (eI ∧ eJ)] = 0 (1.47)
then yields
F IJ ∧ (eI ∧ eJ ) = 0 (1.48)
which is also satisfied by (1.42c) through (1.7) with zero torsion.
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1.7 Variations with respect to the tetrad eI
From (1.27a) and (1.32) we have
δeFIJ ∧ ⋆(eI ∧ eJ) = (dδeφIJ + δeφIK ∧AKJ − δeφJK ∧AKI) ∧ ⋆(eI ∧ eJ )
∂
= δeφIJ ∧ φ2D ⋆ (eI ∧ eJ ). (1.49)
When the torsion-free relation (1.10) as a result of A-variation is applied, the above variation (1.49) yields
δeFIJ ∧ ⋆(eI ∧ eJ) = 0 (1.50)
From (1.34) and (1.35) we have
δe ⋆(eI ∧ eJ) = δeK ∧ φ⋆(eI ∧ eJ ∧ eK). (1.51)
It follows from (1.50) and (1.51) that
δe[FIJ ∧ ⋆(eI ∧ eJ)] ∂= δe ⋆(eI ∧ eJ) ∧ F IJ
∂
= δeK ∧ φ⋆(eI ∧ eJ ∧ eK) ∧ F IJ
∂
= δeK ∧ φGK (1.52)
in terms of the Einstein 3-forms
GK = FIJ ∧ iK⋆(eI ∧ eJ). (1.53)
Therefore the e-variational equation for the first term in (1.37) yields the the vacuum Einstein equation
GK = 0 (1.54)
From (1.32) and (1.27b) we have
δeF IJ ∧ (eI ∧ eJ ) = (dδeθIJ + δeθIK ∧AKJ − δeθJK ∧AKI) ∧ (eI ∧ eJ)
∂
= δeθIJ ∧ θ2D(eI ∧ eJ ). (1.55)
When the torsion-free relation (1.42c) as a result of A-variation is applied, the above variation (1.55) yields
δeFIJ ∧ (eI ∧ eJ ) ∂= 0. (1.56)
It follows that
δe[FIJ ∧ (eI ∧ eJ)] ∂= δe (eI ∧ eJ) ∧ F IJ
∂
= δ eI ∧ 2θ eJ ∧ F IJ
∂
= 0 (1.57)
using (1.7) satisfied by the torsion-free connection of AIJ , and hence AIJ .
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1.8 Expansions in coordinates
In spacetime coordinates (xα), the tetrad co-frame and frame are expanded as
eI = eα
Idxα (1.58)
e˜I = e
α
I∂α (1.59)
respectively, so that
iIdx
α = iIe
α
Je
J = eαI
and
dxα = eαIe
I (1.60)
∂
∂xα
= eα
I e˜I . (1.61)
The spacetime metric (1.1) then reads
gαβ = eαIeβ
I (1.62)
using the tetrad (components) eα
I with inverse eαI so that (1.4) becomes
eα
IeαJ = δ
I
J . (1.63)
From (1.62) we also have
eαIeβ
I = δαβ (1.64)
The contravariant metric (1.65) then reads
gαβ = eαIe
βI . (1.65)
We adopt the LC antisymmetric symbols with tetrad indices ǫIJKL and coordinate indices ǫαβγδ subject to
ǫ0123 = 1. It follows that
ǫ = det(eα
I) = − 1
4!
ǫαβγδ ǫIJKLeα
Ieβ
Jeγ
Keδ
L
and
det(eαI) = det(eα
J) det(ηIJ) = −ǫ.
Therefore, we also have
g =
1
4!
ǫαβγδ eαIeβJeγKeδL × ǫα′β′γ′δ′ eα′ Ieβ′Jeγ′Keδ′L
= det(eαI)× det(eαI) = −ǫ2
and hence
ǫ =
√−g. (1.66)
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The spacetime volume 4-form is given by
⋆1 =
1
4!
ǫIJKLe
I ∧ eJ ∧ eK ∧ eL
=
1
4!
ǫIJKLeα
Ieβ
Jeγ
Keδ
L dxα ∧ dxβ ∧ dxγ ∧ dxδ. (1.67)
On the other hand, we have
⋆1 =
√−g dx0 ∧ dx1 ∧ dx2 ∧ dx3
=
ǫ
4!
ǫαβγδ dx
α ∧ dxβ ∧ dxγ ∧ dxδ. (1.68)
Note that in the above ǫ ǫαβγδ is a weight 0 antisymmetric tensor.
Comparing (1.67) and (1.68) we see that
ǫ ǫαβγδ = ǫIJKLeα
Ieβ
Jeγ
Keδ
L. (1.69)
The components of AIJ are given by
AIJ = AαIJdx
α (1.70)
and likewise for ΓIJ , φIJ and so forth.
Then, from (1.5) and (1.70) we have
FIJ =
1
2
Fαβ IJ dx
α ∧ dxβ
where
Fαβ IJ = ∂αAβIJ − ∂βAαIJ +Aα IKAβKJ −Aβ IKAαKJ . (1.71)
By expanding (1.9) with the relation
deI = −eαI,β eαJeβK eJ ∧ eK
we obtain
Γµ IJ =
1
2
[
eµ
KeαK,β (e
α
Ie
β
J − eαJeβI) + (eµI,α − eαI,µ) eαJ − (eµJ,α − eαJ,µ) eαI
]
(1.72)
From (1.17), (1.58) and (1.59) we find that
φαIJ = φ
−1φ,β (e
β
J eαI − eβI eαJ). (1.73)
1.9 Time gauge decompositions
In canonical gravity, the ADM decomposition of spacetime metric into the lapse function N , shift vector Na, and
spatial metric
hab = gab = ea
ieb
i (1.74)
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corresponds the “time gauge” in which the tetrad 1-forms eα
I are expressed in terms of the lapse, shift, and the
triad 1-forms ea
i, as the spatial part of the tetrad, with
eα
0 = N δtα (1.75a)
et
i = Naea
i. (1.75b)
Accordingly, the tetrad vectors e˜αI are given expressed in terms of the lapse, shift, and the triad vectors e
a
i, as
the spatial part of the tetrad, with
etI =
1
N
δ0I (1.76a)
ea0 = −N
a
N
(1.76b)
with their spatial part giving rise to the contravariant spatial metric hab = eaie
b
i so that h
ac hcb = δ
a
b .
In this gauge, (1.76a) means e˜0 is a unit vector normal to the equal-time (t) hypersurface and (1.76b) means unit
vectors e˜i are perpendicular to e˜0 and span the tangent space of the equal-time hypersurface.
The spatial LC antisymmetric symbols are given by ǫijk := ǫ0IJK and ǫabc := ǫtabc so that ǫ123 = 1.
From (1.69) and (1.75) we have
e ǫabc = ǫijkea
ieb
jec
k (1.77)
where
e := det(ea
i) =
√
h =
ǫ
N
(1.78)
is the determinant of the triad.
The densitized triad is given by
Eai = e e
a
i
satisfying
E := det(Eai) = e
2 = h.
As per standard notation, the inverse of Eai is denoted by the weight −1 Eai.
In terms of the LC connection (1.9), the LC spin connection 1-forms are given by
Γai = −1
2
ǫijkΓajk (1.79)
used to define the LC spin covariant derivative ∇ compatible with the triad such that
∇aebi = 0 = ∇aebi (1.80a)
∇aEbi = 0 = ∇aEbi. (1.80b)
Using (1.73), (1.75) and (1.76) we find
φai0 =
√
E
N
φ−1(φ˙−N cφ,c)Eai (1.81a)
φaij = φ
−1φ,b (EaiE
b
j − EajEbi) (1.81b)
φti0 =
√
E φ−1
(Na
N
φ˙− N
aN b
N
φ,b +N φ
,a
)
Eai (1.81c)
φtij = φ
−1φ,bN
a(EaiE
b
j − EajEbi) (1.81d)
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1.10 Canonical analysis of the conformal Holst action
Without the loss of generality, we can always perform a conformal transformation also that θ becomes
θ =
1√
β
(1.82)
for some constant β. Although this amounts to a partial conformal gauge fixing, the primary conformal scalar
field φ remains completely free. As will become clear below, this has an important effect of making β not a fixed
constant since under a certain constant conformal transformation the value of β will transform too.
Using (1.23), (1.24), and (1.82), the action (1.37) becomes
S =
1
2
∫ [
φ2F IJ ∧ ⋆(eI ∧ eJ)− 1
β
FIJ ∧ eI ∧ eJ
]
. (1.83)
Using
d4x = dx0 ∧ dx1 ∧ dx2 ∧ dx3
we have the expansions
FIJ ∧ ⋆(eI ∧ eJ ) = ǫ eαIeβJFαβIJ d4x
FIJ ∧ eI ∧ eJ = −1
2
ǫIJKLǫ e
α
Ie
β
JFαβ
KL d4x
so that (1.83) can be written as S =
∫ L d4x in terms of the Lagrangian density
L = 1
2
ǫ eαIeβJ
[
φ2FαβIJ +
1
2β
ǫIJ
KLFαβKL
]
= EaiHtai0 −NaEbiHabi0 + N
2e
EaiEbjHabij (1.84)
where
HαβIJ = φ2FαβIJ + 1
2β
ǫIJ
KLFαβKL. (1.85)
The first term of (1.84) can be expanded to be
EaiHta i0 = Eai∂t
(
φ2Aa i0 − 1
2β
ǫijkAa jk
)− 2EaiAa i0 φ∂tφ+ EaiGai (1.86)
where
Gai = −∂a
(
φ2At i0 − 1
2β
ǫijkAt jk
)
+ 2At i0 φφ,a
+φ2
(
At imAam0 −Aa imAtm0
)− 1
β
ǫijk(At j0Aa k0 −At jmAa km). (1.87)
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1.10.1 Canonical conformal connection variables
From (1.86), we see that EaiHta i0 contains the time derivative of the quantity
Aai := βφ
2Aai0 − 1
2
ǫijkAajk
= βφ2Aai0 + βφ
2φai0 − 1
2
ǫijkAajk (1.88)
where (1.81a) has been used, that allows Aai to be identified as the canonical connection variable with E
ai/β as
the conjugate momentum.
As a result of the variational equations (1.42), leading to the torsion free condition (1.10), we will eliminate torsion
by setting
AαIJ = ΓαIJ (1.89)
with the LC connection (1.72) in (1.85). Consequently, the dynamical structure becomes closer to that of the
ADM second-order description, where the time evolution of the spatial metric (1.74) is related to the extrinsic
curvature tensor given by
Kab =
1
2N
(− h˙ab +Na;b +Nb;a) (1.90)
with a trace denoted by K = habKab.
Analogously, here the time evolution of the triad is related to the extrinsic curvature 1-forms given by
Kai = −Kabebi. (1.91)
Conversely, the extrinsic curvature tensor can be recovered with Kab = −K(aieb)i or simplyKab = −Kaiebi subject
to the Gauss constraint. See (1.105) below.
Furthermore, it is useful to introduce the conformal extrinsic curvature 1-forms
Cai := φ
2(Kai + φai0) (1.92)
as they will play an important dynamical role.
From the LC connection in spatial coordinates
Γcab =
1
2
(
ec
keak,b + ea
keck,b + ec
kebk,a + eb
keck,a − eakebk,c − ebkeak,c
)
we can evaluate
(Na;b +Nb;a)e
b
i = N
b
,aebi +N
beai,b +N
b
,ce
c
ieajebj −N beajecjeci,b
Substituting (1.90) and the above relation into (1.91), one finds that the expression
Γa i0 =
1
2N
[
eai,t + ea
jebiebj,t −N b,aebi −N beai,b −N b,cecieajebj +N beci,beajecj
]
(1.93)
obtained from (1.72), (1.75), and (1.76), to reduce to the identity
Γa i0 = Kai (1.94)
Therefore, using (1.81a), (1.79), (1.89), and (1.94), Eq. (1.88) yields the conformal spin connection variable
Aai = Γai + βCai. (1.95)
We further introduce the curvature 2-forms
Fab i = 2 ∂[aAb]i + ǫijkAajAbk (1.96)
of the conformal spin connection (1.95).
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1.10.2 Canonical conformal scalar variables
Using (1.21), (1.81a), (1.84), (1.85), and (1.89), let us now consider the time derivative of the scalar φ in EaiHtai0
as follows,
−2EaiAa i0 φ φ˙ = −2Eai(Aa i0 + φa i0)φ φ˙
=
[− 2φEaiKa i − 6
√
E
N
(φ˙−N cφ,c)
]
φ˙
= πφ φ˙ (1.97)
where we have identified
πφ = −2EaiAa i0 φ
= 2
√
EφK − 6
√
E
N
(φ˙−N cφ,c) (1.98)
as the canonical momentum of φ.
1.10.3 Conformal constraint
It follows from (1.92) and (1.98) that
CaiE
ai = φ2KaiE
ai +
√
E
N
φ (φ˙−N cφ,c)EaiEai
= −
√
E φ2K +
3
√
Eφ
N
(φ˙−N cφ,c)
= −1
2
φπφ. (1.99)
This gives rise to the conformal constraint
C = φπφ + 2CaiEai (1.100)
1.10.4 Gauss constraint
By using (1.21), (1.80), (1.89), and dropping a total divergence arising from the first term of (1.87), this equation
yields
EaiGai = 2EaiΓt i0 φφ,a + 2Eaiφt i0 φφ,a + Eaiφ2KajΓt ij + Eaiφ2φa j0Γt ij
+Eaiφ2
(
φt ijKaj − φa ijΓt j0
)
+ Eaiφ2
(
φt ijφa j0 − φa ijφt j0
)
− 1
2β
ǫmjkΓaim
(
Γt jkE
a
i + Γt kiE
a
j + Γt ijE
a
k
)
. (1.101)
Upon inspecting the symmetry of (Γt jkE
a
i+Γt kiE
a
j+Γt ijE
a
k) in the last term of (1.101) with respect to (i, j, k),
we see that it is proportional to ǫijk and hence this term vanishes as a result of
1
2
ǫmjkǫijkΓaim = δimΓaim = 0
13
and so Eq. (1.101) becomes
EaiGai = 2Eai φφ,aΓt i0 − Eaiφ2φa ijΓt j0 + EaiKajΓt ij + 1
β
ǫijkE
a
iKajΓt k0 (1.102)
where (1.92) has been used.
From (1.81b) we have
Eaiφ2φaij = φφ,c (E
c
j EaiE
ai − EciEajEai)
= 2φφ,cE
c
j.
Substituting this into (1.102) we get
EaiGai = EaiKajΓt ij + 1
β
ǫijkE
a
iKajΓt k0. (1.103)
From (1.92) and (1.81a), we have
ǫijkE
a
iKaj = φ
−2ǫijkE
a
iCaj − ǫijkEaiφaj0
= φ−2ǫijkE
a
iCaj −
√
E
N φ
(φ˙−N cφ,c) ǫijkEaiEaj
= φ−2ǫijkE
a
iCaj
Substituting this into (1.103), we arrive at
EaiGai = EaiKaj(Γt ij + φt ij) + 1
β
ǫijkE
a
iKajΓt k0
=
1
2
ǫijkǫlmkE
a
iKaj(Γt lm + φt lm) +
1
β
ǫijkE
a
iKajΓt k0
= ǫijkE
a
iKaj
[1
2
ǫklm(Γt lm + φt lm) +
1
β
Γt k0
]
(1.104)
Since Γt IJ are non-dynamical variables without conjugate momenta, they behave like Lagrangian multipliers in
(1.104), giving rise to the Gauss constraint
Gi = ǫijkCajEak = ǫijkCajEak
= β−1(Eai,a + ǫijkAajE
a
k)
= β−1DaE
a
i (1.105)
in terms of the spin covariant derivative Da with respect to the (non-LC) spin connection Aa
i. It can be noted
that in the limiting case with β → 0 then D → ∇ and Aai → Γai, the LC spin connection (1.79).
1.10.5 Diffeomorphism constraint
By substituting (1.95) into (1.96), we have
Fab i = Rab i + 2β∇[aCb]i + β2ǫijkCajCbk (1.106)
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where
Rab i = 2 ∂[aΓb]i + ǫijkΓajΓbk (1.107)
is the curvature 2-forms of the LC spin connection Γa
i. Since it is torsion-free, the first Bianchi identity (1.7)
gives rise to the identiy
EbiRab i = 0 (1.108)
which in turn allows Eq. (1.106) to yield the relation
EbiFab i = 2β E
bi∇[aCb]i + β2EbiǫijkCajCbk. (1.109)
Furthermore, it follows from (1.105) and (1.106) that
ǫijkFab kE
aiEbj = ǫijkRab kE
aiEbj + 2β2C[a
iCb]
jEaiEbj − 2β Eai∇a Gi. (1.110)
On applying (1.89), the second term in Eq. (1.85) becomes
Hab i0 = ∂a(φ2Ab i0)− ∂b(φ2Aa i0)− 2Ab i0 φ∂aφ+ 2Aa i0 φ∂bφ
+φ2Aa ijAb
j
0 − φ2Ab ijAaj0 − 1
2β
ǫijk(Aa j0Ab
0
k −Ab j0Aa0k)− 1
2β
Rab i.
Using (1.98) and (1.108), the above yields
EbiHab i0 = Ebi∂a(φ2Ab i0)− Ebi∂b(φ2Aa i0) + πφ∂aφ+ 2EbiAa i0 φ∂bφ
+φ2EbiAa ijAb
j
0 − φ2EbiAb ijAaj0 − 1
2β
Ebiǫijk(Aa j0Ab
0
k −Ab j0Aa0k.)
By using (1.94), the above becomes
EbiHab i0 = πφ∂aφ+ 2EbiAa i0 φ∂bφ− 1
β
EbiǫijkKajKbk
+Ebi∂a(φ
2Ab i0) + E
biAa ij(φ
2Abj0)− Ebi∂b(φ2Aa i0)− EbiAb ij(φ2Aaj0). (1.111)
By using
Aai0 =
1
β
φ−2(Aai − Γai)
= φ−2Cai (1.112)
from (1.79), (1.88), and (1.95), and
Aaij = Γaij + φaij
= Γaij + φ
−1φ,c (e
c
j eai − eci eaj) (1.113)
from (1.21) and (1.81b), Eq. (1.111) becomes
EbiHab i0 = πφφ,a + 2EbiCai φ−1φ,b + Ebi(φaijCbj − φbijCaj)
+Ebi(∇aCbi −∇bCai)− 1
β
EbiǫijkKajKbk. (1.114)
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From (1.92) we have
Kai = φ
−2Cai −
√
E
N
φ−1(φ˙−N cφ,c)Eai
= φ−2Cai − φai0 (1.115)
yielding
ǫijkE
biKajKbk = φ
−4CajǫijkCbkE
bi −
√
E
N
φ−3(φ˙−N cφ,c)EajǫijkCbkEbi
= φ−4Caj Gj −
√
E
N
φ−3(φ˙−N cφ,c)Eaj Gj. (1.116)
Therefore by using (1.116), Eq. (1.114) becomes
EbiHab i0 = Ebi(∇aCbi −∇bCai) + πφφ,a
+2φ−1φ,cE
ciCai +E
bi(φaijCbj − φbijCaj) (1.117)
up to adding terms proportional to the Gauss constraint.
From (1.81b) we have
φaijE
biCbj = φ
−1φ,c (E
c
i Cai −Eai Cci)
φbijE
biCaj = 2φ
−1φ,cE
ciCai.
Substituting the above relations into (1.117), we obtain
EbiHab i0 = 2∇[aCb] iEbi + φ,aπφ (1.118)
up to adding terms proportional to the Gauss constraint.
Comparing (1.109) and (1.118), we see that subject to the Gauss constraint, the weakly vanishing of (1.118) is
equivalent to the weakly vanishing of
Ha = β−1Fab iEbi + φ,aπφ (1.119)
which is identified as the diffeomorphism constraint.
1.10.6 Hamiltonian constraint
Using (1.89), along with (1.23), (1.79), (1.94), (1.112), and (1.113), the third term in Eq. (1.85) gives
φ−2Hab ij = Rab ij + ∂aφb ij + Γa ikφb kj + Γa jkφb ik − ∂bφa ij − Γb ikφa kj − Γb jkφa ik
+φa ikφb kj − φb ikφa kj + φ−4(CaiCbj − CbiCaj)
+β−1ǫijkφ
−2(∂aKbk − ∂bKak + Γa kmKbm − Γb kmKam).
Using (1.115), we have
∂aKbk + Γa kmKbm = φ
−2(∂aCbk + Γa kmCbm)
−(∂aφbk0 + Γa kmφbm0)− 2φ−3φ,aCbk.
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Substituting this into the above, we have
φ−2EaiEbjHab ij = EaiEbjRab ij + EaiEbj
(
2∇[aφb] ij + φa ikφb kj − φb ikφa kj
)
+ 2φ−4EaiEbjC[a
iCb]
j
+2β−1EaiEbjǫijk
(
φ−4∇[aCb]k + φ−5φ,bCak − φ−5φ,aCbk
)
−2β−1φ−2ǫijk∇[a(φb]k0EaiEbj).
From (1.81a) we have
2ǫijk∇[a(φb]k0EaiEbj) = ǫijk∇a
[√E
N φ
(φ˙−N cφ,c)Eaiδjk
]− ǫijk∇b[
√
E
N φ
(φ˙−N cφ,c)Ebjδik
]
= 0.
Applying the above relation, we have
EaiEbjHab ij = −φ2ǫijkEaiEbjRab k + 2φ−2EaiEbjC[aiCb]j
+φ2EaiEbj
(
2∇[aφb] ij + φa ikφb kj − φb ikφa kj
)
−2β−1φ−2Eai∇a Gi (1.120)
Using the identity (1.110) and relations
EaiEbj∇[aφb]ij = 2Eφ−2φ,aφ,a − 2Eφ−1∆φ
EaiEbjφ[a
ikφb] kj = −Eφ−2φ,aφ,a
where ∆ is the Laplace-Beltrami operator of hab, obtained from (1.81b), and neglecting terms proportional to
∇a Gi, Eq. (1.120) then yield the Hamiltonian constraint from the third term of (1.84) divided by (−N) as
follows.
H = φ
2
2
√
E
ǫijkFab kE
aiEbj − 1√
Eφ2
(
β2φ4 + 1
)
C[a
iCb]
jEaiEbj
+
√
E
(
2φ∆φ− φ,aφ,a
)
. (1.121)
1.11 Conformal transformation properties
Consider the simultaneous conformal transformations
φ → Ω−1φ (1.122)
Eai → Ω2Eai (1.123)
for any positive function Ω(x).
From (1.81a) and (1.94), we have
Kai → Kai +
√
E
N
Ω−1(Ω˙−N cΩ,c)Eai (1.124a)
φai0 → φai0 −
√
E
N
Ω−1(Ω˙ −N cΩ,c)Eai. (1.124b)
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It follows from (1.98), (1.92) and (1.124) that
Cai → Ω−2Cai (1.125)
and
πφ → Ωπφ. (1.126)
From (1.79) we obtain
Γia → Γia −
1
4
Ω−1Ω,b ǫijkEajE
b
k. (1.127)
Therefore, using (1.125) and (1.127), we find that
Aia → Aia + β(Ω−2 − 1)Cia −
1
4
ǫijkE
j
aE
b
k (lnΩ),b (1.128a)
or equivalently
Aia → Aia|β=1 + (βΩ−2 − 1)Cia −
1
4
ǫijkΩ
−1Ω,bE
j
aE
b
k. (1.128b)
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2 Generalized ADM formalism with conformal Ashtekar-Barbero variables
2.1 Canonical conformal analysis
Consider the Lagrangian density for the Einstein gravity using the metric gµν ,
L =
1
2
√
−g R (2.1)
where g = det(gµν), R is the scalar curvature of gµν , and
gµν = φ
2gµν (2.2)
where φ is a scalar field.
The following qualities are conformally transformed from the original (barred) quantities according to:
hab = φ
2hab (2.3)
N = φN (2.4)
N
a
= Na. (2.5)
It follows that
h
ab
= φ−2hab (2.6)
Na = φ
2Na. (2.7)
Then, up to a total divergence Lagrangian density (2.1) becomes
L =
φ2
2
√
hN
(
KabK
ab −K2 +R
)
+ 2
√
hφK
(
φ˙−Naφ,a
)
− 2N
√
h(φφ,a)
;a
− 3
N
√
h
[
φ˙2 − 2Naφ˙φ,a −
(
N2hab −NaN b
)
φ,aφ,b
]
. (2.8)
The canonical momenta of the metric and scalar fields follow respectively from (2.8) to be
pab =
∂L
∂h˙ab
= − 1
N
√
hhabφ (φ˙−N cφ,c)− φ
2
2
√
h (Kab − habK) (2.9)
πφ =
∂L
∂φ˙
= − 6
N
√
h (φ˙−N cφ,c) + 2
√
hφK. (2.10)
From (1.90) we have
h˙ab = −2NKab +Na;b +Nb;a. (2.11)
From (2.9) we have
p = − 3
N
√
hφ (φ˙−N cφ,c) + φ2
√
hK. (2.12)
From (2.10) we have
− 6
N
√
h (φ˙−N cφ,c) = πφ − 2
√
hφK
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and therefore
φ˙ = N cφ,c − N
6
√
h
πφ +
N
3
φK. (2.13)
Substituting (2.13) into (2.9) we get
pab = −1
6
habφ
(
πφ − 2
√
hφK
)
− φ
2
2
√
h(Kab − habK)
=
1
6
habφπφ − φ
2
2
√
h
(
Kab − 1
3
habK
)
. (2.14)
Hence we have
Kab − 1
3
habK = − 2
φ2
√
h
(
pab − 1
6
habφπφ
)
. (2.15)
By contracting with hab the above becomes
φπφ − 2p = 0 (2.16)
where
p = habp
ab.
For later quantization, the above equation will be treated as a weak condition C ≈ 0 by introducing the conformal
constraint
C = φπφ − 2p. (2.17)
Using (2.16), we can rewrite (2.15) as
Kab − 1
3
habK = − 2
φ2
√
h
(
pab − 1
3
habp
)
. (2.18)
Using (2.18), we can then rewrite (2.11) as
h˙ab =
4N
φ2
√
h
(
pab − 1
3
habp
)
− 2
3
NhabK +Na;b +Nb;a. (2.19)
It follows that
KabK
ab =
4
φ4h
(
pabp
ab − 1
3
p2
)
+
1
3
K2 (2.20)
Substituting (2.13), (2.16), (2.19) and (2.20) into (2.8), up to a total divergence, we have
H = pabh˙ab + πφφ˙−L
= −2Napba;b +Naφ,aπφ + 2N
φ2
√
h
(
pabp
ab − 1
3
p2
)
− φ
2
2
√
hN R
− Nπφ
24φ
√
h
− 3N
√
hhabφ,aφ,b + 2N
√
h (φφ,a)
;a
20
Furthermore, the above becomes
H = NH +NaHa
where we have introduced the Hamiltonian constraint
H = 2
φ2
√
h
(
pabp
ab − 1
2
p2
)− φ2
2
√
hR+
√
h
(
2φ∆φ− φ,aφ,a
)
(2.21)
and the diffeomorphism constraint
Ha = −2pba;b + φ,aπφ (2.22)
supplemented with the conformal constraint (2.17).
2.2 Canonical transformation to the triad variables
We use i, j, · · · = 1, 2, 3 as triad indices, so that
hab = δije
i
ae
j
b = hδijE
i
aE
j
b (2.23)
where Eai =
√
h eai is the densitized triad with E
i
a as the inverse.
Using (2.23) we have
h˙ab =
1
h
(habhcd − hachbd − hadhbc)Eci E˙di . (2.24)
It follows from (2.14), (2.15) and (2.24) that
pabh˙ab = −
[
−1
6
habφπφ +
φ2
2
√
h
(
Kab − 1
3
habK
)]
1
h
(habhcd − hachbd − hadhbc)Eci E˙di
= −CiaE˙ai = Eai C˙ia − (Eai Cia),t (2.25)
where
Cia =
1
h
(2pab − habp)Ebi . (2.26)
Substituting (2.9) and (2.12) into (2.26), we find
Cia = φ
2Kia + φ (φ˙−N cφ,c)
Eai
N
√
h
(2.27)
where
Kai = −Kabebi (2.28)
are the extrinsic curvature 1-forms as in (1.91).
Contracting (2.26) with Eai and using (2.23), we get
CiaE
a
i = −p. (2.29)
Substituting (2.29) into (2.26) and contracting with Eid, we have
pab =
1
2
(
hCiaE
i
b − habCkcEck
)
. (2.30)
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Since pab = pba, we see from (2.30) that C
i
aE
i
b = C
i
bE
i
a. This implies a constraint C
i
[aE
i
b] ≈ 0 or equivalently
Ck = ǫkijCa[iEaj] = −ǫkijC l[aElb]Eai Ebj (2.31)
From (2.25), we see that the following variables then form canonical pairs:
(Cia, E
a
i ) and (φ, πφ). (2.32)
Using these canonical variables and (2.29), we see that (2.17) becomes
C = φπφ + 2CiaEai . (2.33)
2.2.1 Expression for the Hamiltonian constraint
Consider
Aia = Γ
i
a + βC
i
a (2.34)
with an Immirzi-type parameter β.
Since Γia commutes with E
a
i , we see that (A
i
a, E
a
i ) form canonical variables, complete with (φ, πφ).
From (1.110), see that
R = −h−1(ǫijkF kabEai Ebj − 2β2 Ci[aCjb]Eai Ebj) (2.35)
up to adding a term proportional to ∇a Gi.
From (2.30), we have
pabp
ab − 1
2
p2 = −1
2
Ci[aC
j
b]E
a
i E
b
j . (2.36)
By substituting (2.35) and (2.36) into (2.21), we obtain
H = φ
2
2
√
h
ǫkijF
k
abE
a
i E
b
j −
1
φ2
√
h
(
1 + φ4β2
)
Ci[aC
j
b]E
a
i E
b
j +
√
h
(
2φ∆φ− φ,aφ,a
)
(2.37)
up to adding terms proportional to the covariant derivative of the Gauss constraint.
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3 Conformally augmented gauge theory of scale-invariant dilaton gravita-
tion
Consider the total Lagrangian density
L = LG[gµν , φ] + LS[gµν , φ,Aµ] + LM[gµν , φ,Aµ, ψ] (3.1)
with the following
LG =
1
2
Φ2
√−g R (3.2)
where R is the scalar curvature of gµν and
Φ2 =
∑
A
φAφ
A
6kA
. (3.3)
Some of the index A are Haar measure indices associated with a gauge group G. The sum over repeated A would
be often omitted like other indices when unambiguous.
The term
LS = −1
2
√−gDµφADµφA −
√−g V (φ) (3.4)
is the scalar Lagrangian, where V (φ) is a homogeneously fourth order potential in φA, and Dyµ is the covariant
derivative using the LC connection and gauge connection Aµ.
The scalar fields φA have been normalized with a minus sign in the kinetic terms of (3.4) for a stable positive kinetic
energy. In principle, a negative sign is possible e.g. for a pure conformal φ as treated in preceding conformally
treated GR theory. Parameter kA could in principle take any real value, with kA = 1 for any conformally coupled
scalar φA and |kA| → ∞ for any minimally coupled scalar φA.
The term
LM = ℜ
√−g ψ˜[γIeµIDµ + µ(φ)]ψ − 1
4
√−gFAµνFµνA (3.5)
is the matter Lagrangian, using Fµν as the curvature of Aµ, the constant Dirac matrices γI satisfying the Clifford
algebra γ(IγJ) = ηIJ with the Hermiticity condition γI † = γ0γIγ0, the adjoint spinsor ψ˜ = iψ†γ0, and a Yukawa
coupling matrix µ(φ) homogeneous linearly in φA [2].
Lagrangian (3.1) has the property of being invariant under the following constant conformal transformations:
φ → Ω−1φ (3.6a)
gµν → Ω2gµν (3.6b)
Aµ → Aµ (3.6c)
ψ → Ω−3/2ψ (3.6d)
for any positive constant Ω.
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3.1 Conserved Weyl current
The scaling symmetry implies the existence of a conserved Noether current, which can be identified from the
boundary terms from the on shell variation of the Lagrangian density (3.1) under an infinitesimal scaling trans-
formation with Ω = 1 + ε in (3.6) for an infinitesimal ε, denoted by δε.
To this end, first it can be obtained from (3.2) that
δεLG =
1
2
√−g∇µ
(
Φ2gαβδεΓ
µ
αβ − Φ2gµβδεΓααβ
)
= 0
where ∇µ is the LC covariant derivative using gµν , on account of the invariance of the LC connection under scaling
transformations, and hence δεΓ
µ
αβ = 0.
A nontrivial contribution is derived from (3.4) as follows
δεLS = −
√−g∇µ
(
gµν∂νφAδεφ
A
)
=
ǫ
2
√−g∇µ∂µφ2 (3.7)
where
φ2 = φAφ
A
since δεφ = −εφ.
There are no additional relevant boundary terms as a result of varying gauge connections since they are invariant
under the scale transformations, i.e. δεAµ = 0.
Furthermore, by varying (3.5), one finds that the scale transformations of spinors under (3.6d) do not contribute
to any boundary term either, as δεLG = 0.
It therefore follows from the above discussions, especially (3.7), that the scale invariance relation δǫL = 0 gives
to the conserved Weyl current ∂µφ
2.
3.2 Canonical analysis
To focus on the gravitational structure with multiple scalar fields, in the following we suppress the gauge field Aµ,
spinor ψ, and the scalar potential V (φ), so that
DµφA = ∂µφA (3.8)
and
L = LG + LS (3.9)
with
LS = −1
2
√−g ∂µφA∂µφA. (3.10)
The Lagrangian density L up to a total divergence becomes
L =
Φ
2
√
hN
(
KabK
ab −K2 +R)−N√h∆Φ−√hKNaΦ,a +√hKΦ˙
−
√
h
2N
[
φ˙Aφ˙
A − 2Na(∂aφA)φ˙A −
(
N2hab −NaN b)∂aφA ∂bφA]. (3.11)
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As a generalization of (2.9) and (2.10), here the canonical momenta of the metric and scalar fields follow respec-
tively from (3.11) to be
pab = −
√
h
N
habΦ(Φ˙−N cΦ,c)− Φ
2
√
h
2
(Kab − habK) (3.12)
πA = −
√
h
N
[
φ˙A −Na∂aφA
]
+
√
h
3kA
KφA. (3.13)
Substituting (2.13) into (3.12) we get
Kab =
habK
3
− 2
Φ2
√
h
(
pab − h
abp
3
)
(3.14)
From (3.12) we have
p = −3
√
h
N
Φ(Φ˙−N cΦ,c) + Φ2
√
hK (3.15)
yielding
Φ˙−N cΦ,c = NK
3
− Np
3Φ
√
h
. (3.16)
Let us introduce the conformal constraint
C := φAπA − 2p. (3.17)
From (3.13) and (3.14) we find the relation
K
√
h
∑
A
kA − 1
6k2A
φAφ
A =
∑
A
kA − 1
2kA
πAφ
A − C
2
. (3.18)
Substituting (3.13), (1.90), (3.14), and (3.16) into (3.11), up to a total divergence, we obtain
H = NH +NaHa (3.19)
using the diffeomorphism constraint
Ha = ∂aφA πA − 2∇b pba (3.20)
where ∇a is the LC covariant derivative using hab, and the Hamiltonian constraint
H = 2
Φ2
√
h
(
pabp
ab − p
2
2
)
− Φ
2
2
√
hR+
√
h∆Φ2
−
√
h
2
∂aφA∂
aφA +
p2
3Φ2
√
h
− πAπ
A
2
√
h
−
√
hK2
∑
A
kA − 1
18k2A
φAφ
A. (3.21)
If all the scalar fields are conformally coupled, then kA = 1 for all A.
In this case, Eq. (3.17) with C = 0 allows (3.21) to become
H = 2
Φ2
√
h
(
pabp
ab − p
2
2
)
− Φ
2
2
√
hR+
√
h∆Φ2
−
√
h
2
∂aφA∂
aφA +
1
12Φ2
√
h
φAφBπAπB − πAπ
A
2
√
h
. (3.22)
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For a single scalar field, Eq. (3.22) reduces simply to
H = 2
Φ2
√
h
(
pabp
ab − p
2
2
)
− Φ
2
2
√
hR+
√
h∆Φ2 −
√
h
2
∂aφ∂
aφ (3.23)
where the scalar field becomes non-dynamical.
On the other hand, if at least one scalar field is non-conformally coupled, then by substituting (3.18) into (3.21),
we get
H = 2
Φ2
√
h
(
pabp
ab − p
2
2
)
− Φ
2
2
√
hR+
√
h∆Φ2 −
√
h
2
∂aφA∂
aφA
+
p2
3Φ2
√
h
− πAπ
A
2
√
h
− 2√
h
(
p−
∑
A
πAφA
2kA
)2(∑
A
kA − 1
k2A
φ2A
)−1
. (3.24)
In the case of one set of non-conformal scalar fields φA with a common kA = k for all A, Eq. (3.24) reduces to
H = 2
Φ2
√
h
(
pabp
ab − p
2
2
)
− Φ
2
2
√
hR+
√
h∆Φ2
−
√
h
2
∂aφA∂
aφA − C
2
12(k − 1)Φ2√h
+
1
12k(k − 1)Φ2
√
h
(
φAπBφAπB − φAφBπAπB
)
. (3.25)
For a single scalar field, the last term of (3.25) vanishes and (3.25) recovers H in [3].
Finally, by using (2.35) and (2.36), the above expressions are readily transcribed with the connection variable
(2.34), with other constraints taking the similar corresponding forms.
3.3 Emergence of time
The conserved Weyl current ∂µφ
2 suggests φ2 may be a natural candidate as a “pre-” or “fuzzy” harmonic time
so that the physical wave functional
Ψ[ψ,Aa, Aai, φˆ ;φ2] (3.26)
in terms of the normalized scalar fields
φˆA =
φA√
φ2
.
Although here we have separated out φ2, the function φ2 need not be used as a deparametrized functional time.
Instead, we could start with a timeless Wheeler-DeWitt type equation HΨ = 0 for (3.26) and only recover φ2 as
cosmological time in the semiclassical limit.
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